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The chemical parameters used in reactive transport models are not known accurately due
to the complexity and the heterogeneous conditions of a real domain. The development of an
efficient algorithm in order to estimate the chemical parameters using Monte-Carlo method is
presented. By fitting the results obtained from the model with the experimental curves obtained
with various experimental conditions, the problem of parameters estimation is converted into
a minimization problem. Monte-Carlo methods are very robust for the optimization of the
highly nonlinear mathematical model describing reactive transport. It involves generating
random values of parameters and finding the best set. The focus is to develop an optimization
algorithm which uses less number of realizations so as to reduce the CPU time. Reactive
transport of TBT through natural quartz sand at seven different pHs is taken as the test case. Our
algorithm will be used to estimate the chemical parameters of the sorption of TBT onto the natural
quartz sand. © 2006 American Institute of Chemical Engineers AIChE J, 52: 2281–2289, 2006
Keywords: reactive transport, numerical modeling, Monte-Carlo simulation, parameters
estimation

Introduction

Recent developments in reactive transport modeling makes
reactive transport models more and more used for simulating,
describing, improving comprehension, or providing prevision1

for hydrogeologists or geochemists. They are used in highly
sensitive domains, such as ground water supply preservation,
development of pollution remediation scenarii or nuclear waste
storage study. Geochemical systems described by these numer-
ical models become more and more complex, mainly by an
increase of the chemical phenomenon complexity. A reactive
transport model needs five kinds of inputs: the hydraulic prop-
erties of the domain, the chemical reactions occurring and the
chemical parameters, the boundary and initial conditions. We
will focus here on the chemical part of the problem. To de-
scribe a reactive transport model, a set of chemical reactions is
first chosen and after that the corresponding parameters are

obtained, whatever the way. Nevertheless, the required chem-
ical parameters are not known exactly. Because the described
phenomena are nonlinear, low precision on the determination
of the parameters can lead to rejection of an accurate set of
reactions. Moreover, it is impossible to determine if the diver-
gence between the experimental results, and the calculated one
is due to a false set of reactions or insufficiently precise
determination of the parameters. Today, parameters estimation
is mainly done using batch experiments with unique experi-
mental conditions with tools like FITEQL.2 Estimated param-
eters are then accurate for batch reactor and for a given exper-
imental state, such as imposed pH or fixed ionic force.
Extrapolating these parameters to natural uncontrolled systems
is then very hazardous. The aim of this work is to present a way
to estimate parameters for most realistic cases by a Monte-
Carlo procedure. The reactive transport parameters will be
estimated from column experiments. Calculated elution curves
of an injection-leaching experiment will be fitted to experimen-
tal elution curves. In order to lead to parameters that will not
(or less) depend on the experimental conditions; many elution
curves obtained at different pH will be simultaneously fitted.

Because of the high nonlinearity of the mathematical model

Correspondence concerning this article should be addressed to J. Carrayrou at
carrayro@imfs.u-strasbg.fr

Mohit Aggarwal is also affiliated with Indian Institute of Technology, Dept. of
Chemical Engineering, New Dehli, India

© 2006 American Institute of Chemical Engineers

AIChE Journal 2281June 2006 Vol. 52, No. 6



describing reactive transport under instantaneous equilibrium
assumption, we prefer a Monte-Carlo method instead of a
gradient-like one. Indeed, it is well known that gradient-like
methods are very efficient if there is a linear relation between
the parameters and the objective function. Nonlinear equations
are then always associated to difficulties on performing inverse
modeling as explain by Zhang and Guay.3 For nonlinear rela-
tions, such as equilibrium chemical equations, their efficiency
decreases strongly. It has been well established4,5 that gradient
methods are sometime unable to solve some batch equilibrium
problems. For batch equilibrium, nonconvergence of gradient
method is due to local minima, flat zone of the error function
or infinite loop phenomena.5 Extrapolation of these conclusions
to inverse modelling of reactive transport lets expect many
convergence problems for gradient like methods as assumed by
Marshall.6 Even if the Monte-Carlo methods are more time-
consuming, they are indeed more robust than the gradient-like
methods because they do not use the slope of the objective
function. A Monte-Carlo method has been successfully used
for sensitivity analysis of coagulation processes.7 Moreover,
these authors used a Monte-Carlo approach to obtain the de-
rivative of the objective function before running a gradient-like
method for the parameters estimation.

We first present the numerical model: the advection-dispersion-
reaction (ADR) equation is detailed, and we present the methods
used to solve it as fast as possible. After that, we explain the
methods used for parameter estimations: the Monte-Carlo proce-
dure, the error function and the optimization procedures.

A results section is devoted to the study of the developed
algorithm. A column experiment on sorption of tributyltin onto
a natural quartz sand8,9 at seven different pH is used as test
case. We show the efficiency of the algorithm developed. We
then discuss the results obtained through our optimization
procedure, and we compare them to results obtained from batch
calculation at one pH.

Numerical Model
Reactive transport equation

Under the assumptions of instantaneous equilibrium and
identical dispersion of solutes, the ADR equation can be writ-
ten like Eq. 1 for the Nx component j of the system

�
��Tdj � Tfj�

�t
� � � �D � ��Tdj�� � U � ��Tdj�

for j � 1 to Nx (1)

where, � (�) is the active porosity, D (m2/s) the dispersion
tensor, U (m/s) the Darcy velocity, Tdj (mol/dm3) the total
mobile concentration of component j and Tfj (mol/dm3) the
total nonmobile concentration of component j. The chemical
system is described by mass action and conservation laws. The
mass action laws Eq. 2 are written for the formation of the Nc
species Ci by the selected component set Xj

�Ci� � Ki � �
j	1

Nx

�Xj�
ai, j for i � 1 to Nc (2)

where the activity of species and component is noted {�}, Ki

is the equilibrium constant, Nx the number of components used
to describe the system, and ai, j the stochiometric coefficient for
the mass action law. For precipitated minerals, the mass action
laws are written under the precipitation product form Eq. 3 if
precipitation occurs

1 � Kpi � �
j	1

Nx

�Xj�
api, j (3)

Kpi is the precipitation product of precipitated species Cpi and
api, j are the stochiometric coefficients. The conservation law
Eq. 4 is written to conserve the total quantity [Tj] (mol/dm3) of
each component

�Tj� � �
i	1

Nc

bi, j � �Ci� � �
i	1

NcP

bpi, j � �Cpi� for j � 1 to Nx (4)

where the concentrations (mol/dm3) are noted [�], Nc (resp.,
NcP) is the number of species (resp., precipitated) in the
system, and bi, j (resp., bpi, j) the stochiometric coefficient of
species Ci (resp. Cpi) for the conservation law. Stochiometric
coefficients used for the mass-action law are different than
those used for the conservation law in the model SPECY.10

This allows the description of some geochemical processes,
such as surface precipitation.11

Substituting the species activity from Eq. 2 instead of the
species concentration into the conservation law Eq. 4 is done
by using activity coefficient �i and leads to the nonlinear
algebraic system Eq. 5.

�Tj� � �
i	1

Nc

bi, j �
Ki

�i
�
k	1

Nx

��k�Xk��
ai,k � �

i	1

NcP

bi, j � �Cpi�

for j � 1 to Nx

1 � Kpi � �
j	1

Nx

�Xj�
api, j for i � 1 to NcP (5)

The system Eq. 5 is of size Nx 
 NcP, and the unknowns
are the component [Xj], and the precipitated species [Cpi]
concentrations (mol/dm3). Activity coefficient are calculated
using the Davies model,11,12,13 which is accurate for ionic
strength I � 0.5

log��i� � �A � zi
2 � � �I

1 � �I
� B � I� (6)

where A 	 1.82 � 106 � (� � T)�3/2, T is the Kelvin temperature,
� the electric permeability of water and B 	 0.24.

The mobile total concentration Tdj, and the nonmobile total
concentration Tfj of component j are calculated from the sum
of the concentration of the NcD mobile species, and NcF
non-mobile species
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�Tdj� � �
i	1

NcD

bi, j � �Ci� and �Tfj� � �
i	1

NcF

bi, j � �Ci� � �
i	1

NcP

bi, j � �Cpi�

for j � 1 to Nx (7)

Because the solution of Eq. 5 is unique for a given set of Tj, the
combination of Eq. 5 and Eq. 7 can be noted Eq. 8

�Tdj� � fdj��Tj�� and �Tfj� � ffj��Tj�� for j � 1 to Nx (8)

where the total concentration Tj is the sum of the mobile Tdj,
and nonmobile Tfj total concentration for each component.

Sorption phenomena can be described easily by ion ex-
change or by surface complexation. For ion exchange, the mass
action law describing the formation of a species is given in Eq.
2. For surface complexation phenomenon, the sorption site
should be defined as a component Xs. Then the potential of the
surface � is added to the mass action law describing the
sorption of a species Csi

�Csi� � Ki � exp��
ziF

R�
� �� � �

j	1

Nx

�Xj�
ai, j (9)

where zi is the charge of the species Csi, R is the gas constant,
F is the Faraday constant, and � is the temperature.

Different models can be used to obtain the potential � from
the electrostatic charge fixed at the surface.11,14,15 In this work,
only the diffuse layer model (DLM) will be used

�
sorbed

zi � �Csi� �
S � M

F
�8 � R � � � � � �0 � I�1/ 2 � sinh�Zel � F � �

2 � R � � �
(10)

where �0 is the permittivity of vacuum, � the permittivity of
water, Zel the electrical charge of counterion, S the specific area
of the solid, and M the mass concentration of the solid. By
defining the electrostatic potential as a component X� and the
associated stochiometric coefficient ai,�

�X�� � exp��
F

R�
� �� and ai,� � zi (11)

We can include the complexation surface phenomena into the
general formulation presented by Eqs. 2 and 4. The mass action
law Eq. 9 is also written

�Csi� � Ki � �X��ai,� � �
j	1

Nx

�Xj�
ai, j (12)

and the conservation law Eq. 4 is expressed as Eq. 13 with the
DLM model Eq. 10.

T� �
S � M

2F
� �8 � R� � � � �0 � I � ��X����Zel/ 2� � �X��Zel/ 2�

� �
sorbed

ai,� � �Csi� (13)

Reactive transport model

In order to reduce to minimum the computation time, effi-
cient numerical methods are used. The computer code SPECY
solves the advection-dispersion-reaction Eq. 1 by an operator-
splitting scheme. As shown by several authors10,16,17 the best
way to solve ADR equation under instantaneous equilibrium
assumption by OS is to use a standard iterative scheme.18

The resolution procedure is described by Eqs. 14 and 15

�
Tdj

n
1,k
1 � Tdj
n


t
� � � �D � ��Tdj�� � U � ��Tdj�

� �
Tf j

n
1,k � Tf j
n


t
for j � 1 to Nx (14)

�Tf j
n
1,k
1� � ffj��Tdj

n
1,k
1� � �Tf j
n
1,k��

for j � 1 to Nx, with �Tf j
n
1,0� � �Tf j

n� (15)

The advective part of the equation is solved by the discontin-
uous finite element method and the dispersive part by the
mixed hybrid finite element method. The combination of this
resolution method and a standard iterative OS scheme leads to
a very accurate solution, even if the mesh size is large.18 It is
well known that the maximum computing time is spent for the
geochemical computation and not for the transport one. To
reduce geochemical computation, SPECY solves the nonlinear
algebraic system Eq. 5 with an efficient algorithm.5 The posi-
tive continuous fraction method is used as a preconditioner to
obtain an intermediate solution, close to the exact one. Then the
Newton-Raphson method is used to obtain the final solution.
To increase the efficiency of the Newton-Raphson method,
SPECY limits the research procedure to the chemically allowed
interval. This specific algorithm reduces the computing time of
geochemical computation.

All these implementations lead to faster computing of reac-
tive transport phenomena. These implementations are useful
because the number of realizations needed by a Monte-Carlo
approach is very high.

Monte-Carlo procedure

In order to reduce the computing time, the number of pa-
rameters NP which will be estimated is reduced to a minimum.
Hydrodynamic parameters, such as porosity, velocity or dis-
persivity are estimated from tracer experiment, and are as-
sumed to be well known. By the same way, chemical param-
eters for aqueous reactions, such as equilibrium constants and
concentrations are obtained from thermodynamic databases,
and are assumed to be well known. Only chemical parameters
related to the solid-water interface phenomena are estimated,
that is, equilibrium constant for sorption reactions, total con-
centration for sorption components and surface complexation
parameter, such as specific area or capacitance.
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Parameters P which have to be estimated are randomly
generated. The distribution of each parameter Pi describes a
Gaussian distribution. Each Gaussian distribution is set by its
mean P� i and its standard deviation 	i. There are two ways of
sampling random numbers from a given set of probability
distribution:

(1) Monte Carlo (MC): In this method we generate a ran-
dom probability value between the given range and map it onto
the corresponding parameter value. To generate more param-
eter values, we just repeat the procedure independently. Using
this method, we need large sets of parameter values to have a
distribution close to the actual one.

(2) Latin Hyper Cube (LHC): In LHC we divide the given
range of parameter values into regions of equal probability. A
random value of parameter is then generated in each interval.
This method ensures that we cover the whole range of param-
eter values, and it gives distribution close to the actual one even
if the number of generated random values is limited.

It is clear that the LHC method is more accurate and effi-
cient.19 Thus, we will be using LHC method to generate ran-
dom numbers.

Objective function

In order to compare the generated set of parameter P and to
find the best one, the following objective function FD is used

FN�P� �
1

NExp
�

Experiment
�
Exp

NMes
� �

Mesure


Mes��CMes � CCalc�P�

CMes � � �2�
(16)

where NExp is the number of different experiments to fit, 
Exp is
the weight of each experiment. NMes is the number of experi-
mental points for each experiment, 
Mes is the weight of each
experimental point, CMes is the measured concentration, and
CCalc is the calculated concentration. The weight of each ex-
periment 
Exp and of each experimental point 
Mes are defined
by the modeller in order to give more or less importance to an
experiment or to a point. These values are generally defined
depending on the measured error. The limiting parameter � is
used to reduce the influence of very small concentration in the
construction of the objective function. Practically, we set �
equal to the detection limit of measurement procedure used

during the experiments. We use
CMes � CCalc

CMes � �
in the objective

function in order to give the same importance to small concen-
trations than to higher one.

Optimization procedure

The objective of the optimization procedure is to find the
best set of parameters. It is well known that Monte-Carlo
procedures are time consuming. In order to reduce CPU time,
we combine an automatic procedure to find a minimum of the
objective function and an expert analysis to determine if the
given minimum is a local or a global one. We have tested other
procedures, such as simulated annealing but these kinds of
methods are too much time consuming in our case. Because the
computing time of one realization is quite long, it is more

efficient to analyze manually the validity of the proposed set of
parameters.

Automatic optimization. To reduce the CPU time, we
change the mean P� and the standard deviation � of the Gauss-
ian curves used to generate the parameters P during the opti-
mization procedure.

We first generate NI 	 100 sets of parameters Pk from P� i

and �i (see Figure 1). Initial mean P� 0 and standard deviation
�0 are given by the modeler. The first minimal value of the
objective function is FMin 	 F(P� 0). The reactive transport
problem is solved with these sets of parameters, and the ob-
jective function Fk(Pk) is then calculated for k 	 1 to NI. We
then compare the NI objective functions and select the smallest
FOptimal. If FOptimal � FMin then we change the mean by taking
P� i
1 	 POptimal, the standard deviation by taking

�i
1 � Max��POptimal � P� i�; ��	 � �i��. (17)

and the value of FMin by taking FMin 	 FOptimal as shown in
Figure 1.

We use Eq. 17 to adapt the standard deviation. �	 is a
parameter which have to limit the reduction of the standard
deviation. The optimal set of parameters POptimal is sometimes
very close to the previous one P� i. This can lead to a very fast
reduction of the standard deviation and, consequently, a severe
reduction of the convergence speed of the algorithm. In this
work, we use �	 	 0.5 as shown in Figure 2. This ensures a
sufficiently slow reduction of the standard deviation and a good
convergence speed.

If FOptimal � FMin, we reject the proposed set of parameters
and increase the value of NI by taking NI 	 1,000. Then we
run again NI realizations with the same mean Pi and �i. In this
case, we change the mean and the standard deviation immedi-
ately when a better set is found. After that, if no minimum is
found, the standard deviation is decreased and �i
1 	 �i/2. We
have tested to increase the standard deviation. However, this
choice requires more realizations to cover all the ranges of the
parameter values with a sufficiently small interval, and is very
CPU time consuming. It seems that the minimum of the error
function is a very small hole in a quite flat area, as for batch
equilibrium calculation.

We choose NI 	 100 at the beginning of the algorithm

Figure 1. Optimization procedure for a single parameter
problem.
We plot the Gaussian curves used for the parameter generator
and NI 	 5 parameter values for three optimization steps.
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because this number of realizations is enough to give a good
representation of a Gaussian curve for each parameter using the
LHC sampling method. Decreasing the value of NI reduces the
robustness of the algorithm, but it increases the convergence
rate. Convergence becomes then less and less probable. In-
creasing the value of NI increases the robustness of the algo-
rithm, making convergence to the accurate solution more and
more certain, but increases the computing time too.

This cycle (running NI realization, selecting the best set,
changing the mean and the standard deviation) is usually done
20 times. The total number of realizations is then NR 	 2,000.
The best set of parameters and the associated standard devia-
tion have to be analyzed to determine their validity.

Expert analysis

The total number of realization used here (NR 	 2,000) is
not large enough to ensure the convergence to the global
minima. Some numerical methods can be used to increase the
probability of convergence: increasing NR; performing simu-
lated annealing. Unfortunately, these methods are too time
consuming in our case. In order to reduce the time needed to
find the minimum, we use the following procedure:

(a) Running three to six automatic optimizations using the
initial guess of parameters.

(b) Selecting one to three acceptable sets of parameters.
(c) Running one to three automatic optimizations using each

selected set of parameters. The initial standard deviations can
be smaller than those used at the stage (a).

(d) Repeating stages (b) and (c) until there is only one set of
parameters left. The initial standard deviations can be reduced.
This set of parameters cannot be improved by an automatic
optimization.

(e) Analyzing the correlations between the fitted parameters.
This procedure ensures that the fitted set of parameters

correspond to a minimum of the objective function.
The selection of the acceptable sets of parameters (stage b) uses

the objective functions and some additional informations. The sets
associated to the higher objective functions are rejected. It is
useful to have some additional informations which are not injected
into the optimization procedures. These informations can be esti-
mated values of some parameters, or a relation between some
parameters. They can be obtained by another experiment than
those used to perform the optimization.

Results and Discussion
Reactive transport test-case

The reactive transport test-case we use has been given by
Bueno et al.8,9 It is about transport of TBT through a natural
quartz sand. These authors provide breakthrough curves of
TBT at seven different pH.8 This leads to seven different sets
of Langmuir parameters. From Langmuir parameters obtained
by these authors at pH 	 6.1, equilibrium constants and site
concentration for the sorption of TBT onto the natural quartz
sand can be calculated. Specific area of this sand is given by
Bueno et al.8 All these parameters and the chemical reactions
assumed in the system are summarized in Table 1.

Figure 2. Optimization algorithm.

Table 1. Morel Tableau for the TBT Reactive Transport Test-Case

H
 Cl� NO3
� Na
 Im TBT
 �SOOH �S Given log (K)

OH� �1 �14.0
Im H
 1 1 7.0
Im TBT
 1 1 3.91
TBTOH �1 1 �6.25
TBTCl 1 1 0.6
TBTNO3 1 1 0.62
�SOOH2


 1 1 1 4
�SOO� �1 1 �1 �8
�SOOTBT �1 1 1 1.37
�SOOHTBT
 1 1 1 5.46
�SOONa �1 1 1 �5.3
Initial condition (M) Fixed 0.0 0.1 0.1 10�3 0.0 10�5

Injection (M) Fixed 8.6 10�6 0.1 0.1 10�3 8.6 10�6

Leaching (M) Fixed 0.0 0.1 0.1 10�3 0.0

Given specific area9 S 	 0.200 m2 � g�1. Bold parameters will be estimated.
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A measure of the point of zero charge (PZC) of the sand has
been done.9 The PZC of a surface is the pH where this surface
is electrically neutral in pure water. Table 1 shows that in pure
water, the quartz sand is supposed to form two species:
�S OOH2


 and �SOO�. The PZC is used here as additional
information to select the acceptable sets of parameters by
controlling the relation between the two equilibrium constants:
K�SOOH2


 and K�SOO�. The experimental measure9 gives

PZC �
1

2
�log�K�S�OH2


� � log�K�S�O��� � 6 � 1 (18)

The experimental column is 20 cm long, discretized in 20
cells. We use a Courant number equal to one, and a Pèclet
number equal to five

CFL �
U
t


x
� 1 and Pe �

U
x

D
� 5 (19)

On the contrary of standard numerical methods (finite vol-
ume or finite element) which need a Peclet number less than
two, the association of discontinuous finite element and mixed
hybrid finite element used here has been successfully tested20

for Peclet numbers less to 100.
Breakthrough curves obtained with these given parameters are

compared with experimental ones in Figure 3. Elution part of the
pH 	 6.1 breakthrough curve is very well fitted to experimental
data (Figure 3b). Indeed, we used parameters estimated at this pH.
Unfortunately, the fitting of the elution curves to experimental
data is not so good for other pHs, and not any injection curves is
well described. The modelized system leads to sharp injection
fronts instead of the experimental one which are a little diffusive
(Figure 3a). In this work, we will answer the question: “Is the
proposed set of parameters inaccurate, or is the set of reactions
which does not describe accurately the phenomena?”

We will test the optimization procedure over this case in order
to obtain one set of chemical parameter describing simultaneously

these seven experiments. We set the same weights to all seven
experiments, so that 
Exp 	 1. There are a lot of experimental
points at small concentrations (less than 10�7 mol � l�1). Small
concentrations are more represented, and then have a more im-
portant influence on the optimization procedure than higher con-
centrations. In order to give the same influence to all the concen-
tration ranges we set the weight of experimental points as

If CMes 
 10�7 mol � l�1 then 
Mes � 1 else 
Mes � 0.2 (20)

The implementations presented previously to reduce CPU time
allow us to run 2,000 realizations of these seven reactive
transport problems in 26 h, on a COMPAQ Professional Work-
station XP1000, with a physical memory of 1280.00 mega-
bytes, and a 500 mHz EV6 processor.

Parameters estimation

The parameters estimation began from the batch initial set of
parameters, with a restricted standard deviation (see Table 2a).
We run NR 	 2,000 realizations, and NI 	 100. Through
parameters estimation, the objective function is reduced from
FN 	 0.30 for the batch initial parameters to FN 	 0.261 for
the worst optimized set (Table 2b), and FN 	 0.192 for the best
one (Table 2e). The set of parameters given in Table 2c is
representative of the set usually found. As presented in the
“expert analysis” section, we performed five searches from the
same batch initial set.

We give in Table 2b the worst set found. Many indicators
can help us to reject this set of parameters. The residual
standard deviations are still large, more than 0.2 for equilib-
rium constants. Moreover, the PZC of the natural quartz sand
is not accurately given by the estimated parameters

PZC �
1

2
�log�K�S�OH2


� � log�K�S�O��� �
1

2
�6.17 � 8.04�

� 7.10 (21)

Figure 3. Experimental and initially calculated elution curves.
Initially calculated elution curves are obtained with batch initial parameters from Bueno et al.8 Error function and parameters values are given
in Table 2a and Figure 3a: injection of TBT into the column. Figure 3b leaching of TBT out of the column.
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instead of having PZC 	 6 � 1 (Eq. 18) from experimental
data.

On the other hand, another set found (Table 2c) is given with
a small residual standard deviation, less than 0.1 for sorption of
TBT and Na
 constants, but still a large one of acidity con-
stants (more than 0.3). In this case, we can assume that acidity
constants are not yet well estimated, whereas sorption ones are
quite accurate. Even if acidity constants are still not well
estimated, the PZC is accurately estimated

PZC �
1

2
�log�K�S�OH2


� � log�K�S�O��� �
1

2
�1.82 � 9.35�

� 5.58 (22)

Finally, the best set found from the batch initial set with
NR 	 2,000 (Table 2d), is given with a small residual standard
deviation, less than 4 10�2 for all equilibrium constants. The
objective function is FN 	 0.201. The PZC of the sand is
accurately given by the estimated parameters

PZC �
1

2
�log�K�S�OH2


� � log�K�S�O��� �
1

2
�2.25 � 10.4�

� 6.45 (23)

We can see that the total sorption site estimated concentra-
tion, and the specific areas are close to the proposed one, and
are given with a very small residual standard deviation.

By running a long research, that is NR 	 20,000, and NI 	
1,000, a better optimization is obtained. The objective function
is small FN 	 0.195, and the proposed set (see Table 2f) is
close to the best set of parameter given in Table 2e. The
standard deviations associated to this set of parameters are
small. Because the calculation of NR 	 20,000 realizations is
very long (20 days), it is much more efficient to run two or
three times NR 	 2,000 realizations, especially because the
proposed sets are equivalent.

Uniqueness of the fit

In order to know if the best set found after NR 	 2,000
realizations (Table 2d) is the better one, a second optimization is
run. The initial set of parameters is now the set given in Table 2d.
The initial standard deviations are reduced, and are half of those
given initially in Table 2a. After this second optimization, a better
set is obtained, given in Table 2f. This set is the best one with an
error function of FN 	 0.192. No more improvement is obtained
by running a third optimization from the set of parameters given
in Table 2e. All the parameters are given with a small standard
deviation indicating that the convergence has been efficient. The
PZC proposed for this set of parameter is PZC 	 5.24. This value
is quite far away from the experimental value of PZC 	 6 � 1, but
is still acceptable. A qualitative analysis of the parameters sensi-
tivity can be done by comparing the different sets of parameters
proposed in Table 2c, d, e, and f. The equilibrium constants for
K�S�OH2


, K�S�OTBT, and K�S�OHTBT
, the total concentration
['SOOH], and the specific area S are always given with close
values. On the other hand, equilibrium constants for K�S�O� and
K�S�ONa are very variable. These results are consistent with
previous work.21

T
ab

le
2.

R
es

ul
ts

of
P

ar
am

et
er

E
st

im
at

io
n

F
N

B
at

ch
Pa

ra
m

et
er

s
Fi

gu
re

3
(a

)
W

or
th

Se
t

Fo
un

d
Fi

gu
re

4
(b

)
Se

t
U

su
al

ly
Fo

un
d

(c
)

B
es

t
Se

t
Fi

rs
t

Fo
un

d
(d

)
2n

d
O

pt
im

iz
at

io
n

fr
om

(d
)

Fi
gu

re
4

(e
)

L
on

ge
r

R
es

ea
rc

h
N

R
	

20
00

0
N

I
	

1
00

0
(f

)

0.
30

0.
26

1
0.

20
4

0.
20

1
0.

19
21

0.
19

5

P�
�

P�
�

P�
�

P�
�

P�
�

P�
�

lo
g�

K
�

SO
O

H
2

�

4
4

6.
17

0.
27

1.
82

0.
58

2.
25

3.
8

10
�

2
2.

90
3.

8
10

�
2

3
2.

1
10

�
2

lo
g(

K
�

S
O

O
�
)

�
8

4
�

8.
04

1.
77

�
9.

35
0.

31
�

10
.4

2.
3

10
�

2
�

7.
58

3.
8

10
�

2
�

7.
7

4.
3

10
�

2

lo
g(

K
�

S
O

O
T

B
T
)

1.
37

4
0.

99
0.

43
1.

46
7.

0
10

�
2

1.
45

5.
4

10
�

3
1.

16
1.

0
10

�
2

0.
99

9.
2

10
�

3

lo
g(

K
�

S
O

O
H

T
B

T


)

5.
46

4
7.

89
0.

32
5.

17
7.

3
10

�
2

5.
30

4.
5

10
�

3
5.

62
4.

0
10

�
3

5.
7

6.
9

10
�

3

lo
g(

K
�

S
O

O
N

a)
�

5.
3

4
�

7.
03

0.
45

�
6.

23
4.

1
10

�
2

�
6.

27
3.

9
10

�
3

�
7.

46
3.

2
10

�
1

�
8.

8
8.

9
10

�
2

[�
SO

O
H

]
(m

ol
/l)

10
�

5
10

�
5

5.
78

10
�

6
3.

9
10

�
7

6.
55

10
�

6
4.

9
10

�
7

6.
44

10
�

6
3.

0
10

�
8

6.
92

10
�

6
2.

7
10

�
8

6.
50

10
�

6
4.

5
10

�
8

S
(m

2
/g

)
0.

20
0

0.
11

0.
23

1
9.

7
10

�
3

0.
17

7
1.

4
10

�
3

0.
20

6
2.

6
10

�
3

0.
34

6
5.

6
10

�
3

0.
20

3
3.

2
10

�
3

AIChE Journal June 2006 Vol. 52, No. 6 Published on behalf of the AIChE DOI 10.1002/aic 2287



This sensitivity analysis can be improved at low cost: from
the optimization procedure, we get many set of parameters
close to the optimal one. By selecting these which have an
objective function sufficiently close to the best found (FN 	
0.1921), we obtain a representative set of accurate parameters.
We select here the 70 set of parameters which have an objec-
tive function less than FN 	 0.1923. The standard deviation of
these parameters and the correlation coefficients are given in
Table 3. The standard deviation for each parameter is small. So
we can assume that the best set of parameter is found with a
sufficient precision. Because all the correlation coefficients are
less than 0.9, the parameters are not correlated. This means that
the hydrochemical system described in this work is not over-
parameterized. The standard deviation associated to K�S�ONa

in Table 3 is more or less 10 times larger than the standard
deviation for other equilibrium constants. This confirms previ-
ous results obtained by Tovo21: the equilibrium constant
K�S�ONa does not have a significant influence on the objective
function.

Breakthrough curves obtained using this best set of param-
eters is given in Figure 4. Comparing the results obtained after
optimization (Figure 4) to these given from batch estimation
(Figure 3) many improvement can be underlined. Elution
curves at pH 	 6.1 and 7.1 are much more similar according to
experimental results. Retention of TBT at pH 	 7.9 as been
increased. A difference is now visible between elution at pH 	

2.5, and elution at pH 	 9.7 like for experimental curves.
Injections curves have been changed a little bit. Injection at
pH 	 6.1 and 7.1 are much more similar, injection at pH 	 5.2
is more delayed, and a difference is now visible between
injection at pH 	 2.5 and 9.7. Nevertheless, many problems are
still present: even if injection curves seem to be slightly more
diffusive, the calculated injection front is still compressive.
Injection and leaching curves at pH 	 7.9 are over delayed.
Indeed, curves at pH 	 7.9 are quite superposed with these
obtained at pH 	 6.1 and 7.1.

Conclusion

In this work, we develop a Monte-Carlo algorithm to opti-
mize reactive transport parameters on multiconditional exper-
iments. To use less computing time than a full random re-
search, the mean and the standard deviation of the parameters
are adapted during the optimization. This improvement allows
us to use only 2,000 realizations of the reactive transport
problem to find an accurate solution. Nevertheless, reducing
computing time and the number of realizations introduces some
hazard into the research procedure. It is also necessary to have
some additional information, such as PZC value in our case, to
validate the proposed set of parameters. In order to be sure of
the proposed set of parameters, running many realizations is
necessary too. As shown in Table 2, the results are not always

Table 3. Standard Deviation and Correlation Coefficients

log�K�SOOH2

 log(K�SOO�) log(K�SOOTBT) log(K�SOOHTBT
) log(K�SOONa) [�SOOH] (mol/l) S (m2/g)

log�K�SOOH2

� 7,84E�03

log(K�SOO�) �6,46E�02 4,61E�03
log(K�SOOTBT) �8,85E�02 8,47E�01 3,54E�03
log(K�SOOHTBT
) 5,34E�01 �8,02E�03 �5,81E�02 5,11E�03
log(K�SOONa) 1,49E�01 �2,13E�02 1,29E�02 �4,16E�02 5,78E�02
[�SOOH] (mol/l) �8,39E�02 �4,43E�01 �6,89E�01 �1,14E�01 1,54E�02 6,08E�09
S (m2/g) �1,36E�01 �1,69E�01 �1,08E�01 �1,75E�02 �3,48E�02 1,61E�01 1,64E�04

Diagonal term (bolt) are the standard deviations for each parameter, nondiagonal one are correlations coefficients. We select 70 set of parameters with FN � 0.1923.

Figure 4. Experimental and optimized calculated elution curves.
Calculated elution curves are obtained after optimization with our algorithm. Estimated parameters obtained for NR 	 2,000 realizations as
a second optimization from the best set found (Table 2d) at first optimization. FN and P are given in Table 2e. Figure 4a: injection of TBT
into the column. Figure 4b leaching of TBT out of the column.
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the same. This is due to the reduction of the number of
realizations, leading to a larger influence on the generated
random numbers. Nevertheless, it is faster to run two or three
times NR 	 2,000 realizations than to run one time NR 	
10,000 realizations, and leads to the same set of parameters.
As shown by the correlation analysis, the set of parameters
proposed by our algorithm is very accurate.

We have found many sets of parameters with an efficient
convergence of the algorithm. Nevertheless, these sets of pa-
rameters are not the better one. This induces that the objective
function has many local minima.

We have tried to find a set of parameters describing the seven
injection-leaching experiments, assuming that the reactions gov-
erning the system are those given in Table 1. The best set of
parameters found cannot describe accurately the experimental
curves. This means that the proposed set of reactions does not
represent the chemistry of TBT with the natural quartz sand.
Bueno et al.22 have shown, using experimental methods, that the
sorption of TBT onto the natural quartz sand is better described by
Langmuir-type isotherms with two sorption sites rather than by
one. Nevertheless, a Langmuir isotherm can only describe the
phenomena at one fixed pH, and does not take into account the
electrostatic correction at the surface of the sand. The surface
complexation model used in our work can describe the phenom-
ena at various pHs, and takes into account the electrostatic cor-
rection. We can then answer the question posed previously, and we
prove here that, even by describing more precisely the surface be-
havior during the sorption, one sorption site is not enough to represent
accurately the sorption of TBT onto the natural quartz sand.

In this work, the natural quartz sand is described as an
homogeneous surface with only one kind of sorption site:
�SOOH. Analysis of this quartz sand9,23 shows that the grain
surface is composed of quartz, amorphous silica, ferric, and
aluminum oxide and clay. According to our results, it seems
that the macroscopic reactivity of a complex surface cannot be
simplified to a unique sorption site if the pH is changing. This
assumption has heavy consequences for the study of the sorp-
tion phenomena onto heterogeneous surface. Indeed, a macro-
scopic model, describing the sorption onto one site represent-
ing all the surface, will not be able to give an accurate overview
of the phenomena, especially at various pHs. It is then neces-
sary to produce more complex and complete sorption models,
which take into account the heterogeneities of the surface. A
further way of research will be to determine if all the hetero-
geneities have to be included into the sorption model, or if only
the major ones are sufficient.

In order to increase the efficiency of the parameters estima-
tion, more experimental information should be added. Only
TBT elution curves have been used in this work. Sorption
isotherms for batch experimentation can be added, or elution
curves for other species. The effort done to reduce computing
time must be continued, by increasing the efficiency of the
chemical computation, and the reducing the number of time
steps needed by transport model.
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